MOD p VANISHING THEOREM OF SEIBERG-WITTEN INVARIANTS 
FOR 4-MANIFOLDS WITH Z^-ACTIONS 



NOBUHIRO NAKAMURA 

Abstract. We give an alternative proof of the mod p vanishing theorem by F. Fang of 
Seiberg-Witten invariants under a cycHc group action of prime order, and generahze it to 
the case when 61 > 1. Although we also use the finite dimensional approximation of the 
monopole map as well as Fang, our method is rather geometric. Furthermore, non-trivial 
examples of mod p vanishing are given. 



1. Introduction 

In this paper, we investigate Seiberg-Witten invariants under a cyclic group action of 
prime order. The Seiberg-Witten gauge theory with group actions has been studied by 
many authors [211 13 El UHl UHl UH El HI UH] etc. Among these, we pay attention to a work 
by F. Fang 

In the paper JU] , Fang proves that the Seiberg-Witten invariant of a smooth 4- manifold 
X of 61 = and &+ > 2 under an action of cyclic group Zp of prime order p, vanishes 
modulo p if some inequality about the Zp-index of Dirac operator and 6+ is satisfied, where 
bi is the i-th Betti number of X and 6+ is the rank of a maximal positive definite subspace 
H^{X] R) of H2{X; M). His strategy for proof is to use the finite dimensional approximation 
introduced by M. Furuta [12] and appeal to equivariant i^-theoretic devices such as the 
Adams T/^-operations. This method requires concrete informations about equivariant K 
groups. 

On the other hand, in this paper, we give an alternative proof of Fang's theorem by a 
completely different method which is rather geometric. Then we are able to extend it to 
the case when 61 > 1 by this geometric method. 

To state the result, we need some preliminaries. 

Let G be the cyclic group of prime order p, and A be a G-manifold. When p = 2, we 
assume that the G-action is orientation-preserving. (Note that, when p is odd, every G- 
action is orientation-preserving.) Fixing a G-invariant metric on A, we have a G-action on 
the frame bundle Pso- According to JUIj we say that a Spin'^-structure c is G-equivariant 
if the G-action on Pso lifts to a G-action on the Spin'^(4)-bundle Pspin'^ of c. 

Suppose that a G-equivariant Spin'^-structure c is given. Fix a G-invariant connection 
Aq on the determinant line bundle L of c. Then the Dirac operator Daq associated to 
Aq is G-equivariant, and the G-index of Da^ can be written as indc-Dyio = X]j=o ^ 



2000 Mathematics Subject Classification. Primary: 57R57, 57S17. Secondary: 57M60. 
Key words and phrases. 4-manifolds, Seiberg-Witten invariants, group actions. 



1 



2 



NOBUHIRO NAKAMURA 



R(^G) = Z[t]/(tP — 1), where Cj is the complex 1- dimensional weight j representation of G 
and R{G) is the representation ring of G. 

For any G-space V, let V'^ be the fixed point set of the G-action. Let 6^ = dim H,{X; M)*^, 
where • = 1, 2, +. The Euler number of X is denoted by ^ind the signature of X by 

Sign(X). 

In such a situation, F. Fang [10; proves the following theorem. 

Theorem 1.1 ([10 ). Let G be the cyclic group of prime order p, and X be a smooth closed 
oriented A-dimensional G -manifold with hi = andb^ > 2. Let c be a G-equivariant Spiif- 
structure. Suppose G acts on LL^{X; M) trivially. Lf 2kj < 6+ — 1 for j = 0,1, . . . ,p — 1, 
then the Seiberg-Witten invariant SWx(c) for c satisfies 

SWx(c) = mod p. 

We will generalize Theorem II .11 to the case when bi > 1. When &i > 1, the whole theory 
can be viewed as a family on the Jacobian torus J. We consider the Jacobian torus J as 
the set of equivalence classes of framed U(l)-connections on L whose curvatures are equal 
to that of the fixed G-invariant connection Aq. More concretely, J is given as follows: 
Suppose that X'^ ^ 0, and choose a base point xq G X'^ . Let Qq be the group of gauge 
transformations which are the identity at the base point Xq. Then the Jacobian J is given 
as J = (Aq + ikerc/)/^o; where kerrf is the space of closed 1-forms. Note that G acts on 
J, and J is isomorphic to LL^iX; M)/if^(X; Z) G-equivariantly. 

Since J as above gives a well-defined family of connections, we can also consider the 
family of Dirac operators {Z)A}[A]gj- Then its G-index indG{-DA}[A]eJ is an element of the 
G-equi variant i^'-group Kg{J) over J. 

Let = Jo U Ji U ■ • • U be the decomposition of the fixed point set into connected 
components. Choose a point U in each J;. For convenience, we assume that Jo is the 
component including the origin which is represented by the fixed G-invariant connection 
Aq, and to is the origin [Ao]. By restriction, we have homomorphisms : Kg{J) — > Kciti). 
Since each Kciti) is just the representation ring R{G) = 'L[t]/{tP — 1), the image of a = 
indc {-Da} [A] gj by is written as r;(a) = X]j=o M^i- (When X'^ = 0, a well-defined G- 
equivariant family of connections can not be constructed in general. However coefficients 
k] can be defined ad hoc for our purpose. See giv)]) Now we state our main result which 
is a generalization of Theorem 11.11 

Theorem 1.2. Let G be the cyclic group of prime order p, and X be a smooth closed 
oriented 4:- dimensional G-manifold with 6+ > 2 and b^ > 1. Let c be a G-equivariant 
Spin^ -structure, and L be the determinant line bundle of c. Suppose d{c) = |(ci(L)^ — 
Sign(X)) — (1— is non-negative and even. If there exists a partition {dQ,di, . . . ,dp_i) 
of d{c) /2 such that do -\- di -\- ■ ■ ■ -\- dp^i = d{c)/2, and each dj is a non-negative integer and 

(1.3) 2kj < 2dj + 1 - 6f + 6+ {for j = 0,1, ... ,p - 1 and any I), 

then the Seiberg-Witten invariant SWx(c) for c satisfies 

SWx(c) = mod p. 
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Remark 1.4. The number d{c) is the virtual dimension of the Seiberg-Witten moduli space 
M.C of c, and SWx(c) denotes the Seiberg-Witten invariant which is defined by the formula 

SWx(c) = {U~^ , [Aic]), where U is the cohomology class which comes from the U(l)- 
action. (See Definition 12.51 below.) 

When 6i > 0, we can evaluate the fundamental class [Aic] by cohomology classes which 
originate in the Jacobian torus J and define corresponding invariants. Under our setting, 
there are some relations among these invariants which hold modulo p. This issue is treated 
separately in ^ 

Remark 1.5. It can be easily seen that Theorem 11.21 implies Theorem ll.il By the assump- 
tion of Theorem 11.11 6^ = 6+ > 2 and bi = = 0. If d{c) is odd or negative, then 
SWx(c) = by definition. Note that d{c) is odd if and only if 6+ is even. Therefore 
we can assume d{c) is non-negative and 6+ is odd. If the condition 2kj < 6+ — 1 for 
any j is satisfied, then ()1.3|) is satisfied for any partition of d{c)/2. Therefore we obtain 
Theorem 11.11 

Remark 1.6. Theorem 11.21 can be rewritten in the following simpler form: Let X and c be 
as in Theorem 11.21 Let Cj (for j = 0, . . . ,p — 1) be integers defined by, 

Cj = max{{kj - 5), 0}, 

where the constant B is given as 

{-{1 -bf + b^- 1), when 1 - 6f + 6^ is odd, 
I 
-(1 -bf + b^- 2), when 1 - 6f + is even. 

If Ei=i ej < rf(c)/2, then SWx(c) = mod p. 

Let us consider more precisely about lifts of the G-action to a Spin'^-structure. For a 
Spin'^-structure c, we have a bundle map Pspin'^ — -Pso Xx Pv{i), where -Pu(i) is the U(l) 
bundle for the determinant line bundle. This bundle map is a 2-fold covering. Suppose 
that -Pu(i) is G-equivariant. If the action of a generator of G on Pso Xx -Pu(i) lifts to Pspin'^, 
then all of such lifts form an action on Pspin'^ of an extension group G of Z2 by G: 

(1.7) 1 ^ Z2 ^ G ^ G ^ 1. 

When G is an odd order cyclic group, (jl.7|) splits. Therefore, if G-lifts exists, then we 
can always take a G-lift on Pspin'=- This is the case that c is G-equivariant. 

However, when G = Z2, (jl.7j) does not necessarily split. The non-split case is when 
G = Z4. In such a case, we say that the Z2-action is of odd type with respect to c. On 
the other hand, when c is Z2-equivariant, we say that the Z2-action is of even type with 
respect to c. 

Now suppose that the Z2-action is of odd type with respect to c. For a Z2-connection A 
on L, the Dirac operator Da is Z4-equivariant, and the Z4-index is of the form indz4 = 
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fciCi + k-^Cs. (This is because the Z4-hft of the generator of Z2 acts on spinors as multi- 
phcation by ±\/^.) 

In this case, we also have a result similar to Theorem 11.21 (Compare with Theorem 2 in 

m-) 

Theorem 1.8. Let G = Z2, and X be a smooth closed oriented A- dimensional G -manifold 
with 6+ > 2 and > 1. Suppose that the G-action is of odd type with respect to a 
Spin'^ -structure c. For such {X , c) , Theorem \l.^ holds as follows. If there exists a partition 
{di,ds) of d{c)/2 such that di + d^ = d{c)/2, and each dj is a non-negative integer and 

(1.9) 2^ < 2dj + 1 - 6f + 6^ {for j = 1,3 and any I), 

then the Seiberg-Witten invariant SWx(c) for c satisfies 

SWx(c) = mod 2. 

Let us explain the outline of proofs of Theorem 11.21 and Theorem 11.81 

We also use a finite dimensional approximation /. We carry out the G-equivariant 
perturbation of / to achieve the transversality, and then, under the assumption of (|1.3|) . 
we see that the zero set of / has no fixed point of the G-action by the dimensional reason 
concerning fixed point sets. Thus G acts on the moduli space freely. Hence, if the dimension 
of moduli space is zero, then the number of elements in the moduli space is a multiple of p. 
From this, we can see that the Seiberg-Witten invariant is also a multiple of p. When the 
dimension of the moduli space is larger than 0, it suffices to cut down the moduli space. 

To conclude the introduction, let us give a remark. At present, we did not find an 
application of Theorem 11.21 in the case when 61 > 1. However, in the case of the K3 
surface whose bi is 0, the author and X. Liu proved the existence of a locally linear action 
which can not be realized by a smooth action by using the mod p vanishing theorem ^3] . 
Therefore, we could use Theorem II. 21 or Theorem II. 81 to find such an action on a manifold 
with 61 > 1. This problem is left to the future research. 

The paper is organized as follows: ^ gives a brief review on the finite dimensional 
approximation of the monopole map and Seiberg-Witten invariants in the G-equivariant 
setting, ^proves Theorem 11.21 and Theorem 11.81 21 deals with Seiberg-Witten invariants 
obtained from tori in the Jacobian. ^ gives some examples. 

Acknowledgements. The author would like to express his deep gratitude to M. Furuta for 
invaluable discussions and continuous encouragements for years. It is also a pleasure to 
thank Y. Kametani for helpful discussions. 

2. The G-equivariant finite dimensional approximation 

The purpose of this section is to give a brief review on the finite dimensional approxi- 
mation of the monopole map and Seiberg-Witten invariants in the G-equivariant setting. 

2(i). The monopole map. Let G = Zp, where p is prime, and X be a smooth closed 
oriented 4-dimensional G-manifold with 6+ > 2 and b'^ > 1. Suppose that X'^ 7^ 0. 
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Fix a G-invariant metric on X. Suppose a Spin^-structure c is G-equivariant. We write 
and for the positive and negative spinor bundle of c. Let L be the determinant hne 
bundle: L = det S~^. 

The Seiberg-Witten equations are a system of equations for a U(l)-connection A on L 
and a positive spinor G r(S'+), 



(2.1) 



where Da denotes the Dirac operator, denotes the self-dual part of the curvature Fa, 
and g(0) is the trace free part of the endomorphism (p® (p* oi and this endomorphism 
is identified with an imaginary-valued self-dual 2-form via the Clifford multiplication. 

The action of the gauge transformation group Q = Map(X; U(l)) is given as follows: for 
u & Q, u{A, (f)) = {A — 2u^^du, u(f)). Let Aic denotes the moduli space of solutions, 

Mc = {solutions to (jTT| l/a. 

Fix a G-invariant connection Aq on L. Choose a base point xq in X^, and let Go = {u 
G\u{xo) = 1}. Then G acts on Qq. The Jacobian torus J is given as J = {Aq + iKeT d)/QQ, 
where Ker d is the space of closed 1-forms. 

Let us define infinite dimensional bundles V and W over J by 

V = (Ao + iKeid) xg„ (T{S'-)®n\X)), 

W = {Ao + tKeid) xg„ (r{S-) ® n-^iX) (B H\X;R) ® Q\X)/R), 

where M is the space of constant functions and ^o-actions on spaces of forms and H^{X; M) 
are trivial. Note that V decomposes into V = Vc © Vr, where Vc is a complex bundle 
come from the component r(S'"'") on which U(l) acts by weight 1, and Vr is a real bundle 
come from Q^{X) on which U(l) acts trivially. The bundle W decomposes similarly as 
W = Wc © Wr. 

To carry out appropriate analysis, we have to complete these spaces with suitable Sobolev 
norms. Fix an integer k > 4, and take the fiberwise L^-completion of V and the fiberwise 
-^^fc_i-completion of W. For simplicity, we use the same notation for completed spaces. 

Now we define the monopole map \l/ : V ^ W by 

^{A, (f), a) = {A, DA+ia'P, F+^,^ - q{(j)), h{a), d*a), 

where h{a) denotes the harmonic part of the 1-form a. In our setting, \1/ is a U(l) x G- 
equivariant bundle map. Note that the moduli space A4c exactly coincides with \l/^^(0) / U(l). 

2(ii). Finite dimensional approximation. In this subsection, we describe the finite 
dimensional approximation of the monopole map according to JHl- (See also [H].) 

Decompose the monopole map ^ into the sum of linear part V and quadratic part Q, 
i.e., \1/ = "D + Q, where T>: V — > W is given by 

Vi^A, 0, a) = {A, Da4>, d'^a, h{a), d*a), 

and Q is the rest. 
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Let Wx (resp. V\) be the subspace of W (resp. V) spanned by eigenspaces of W* (resp. 
V*V) with eigenvalues less than or equal to A. Let px: W ^ Wx be the orthogonal projec- 
tion. As in ^2]; we would like to consider T> + pxQ as a finite dimensional approximation 
oi D + Q. However Wx and px do not vary continuously with respect to parameters in J. 
It is necessary to modify these. 

Let /?: (—1,0) [0, oo) be a compact-supported smooth non-negative cut-off function 
whose integral over (—1,0) is 1. For each A > 1, let us define the smoothing of the 
projection px'- W ^ Wx by 

j (3{t)px+tdt. 

Let Lx : Wx — W be the inclusion. Then the composition txpx varies continuously. 
For a fixed A, we replace Wx with a vector bundle Wf in the following lemma. 

Lemma 2.2 (See [121). There is a U(l) x G-equivariant finite-rank vector bundle Wf over 
J and U(l) X G-equivariant bundle homomorphisms x'- Wf W and s: W — Wf which 
have the following properties. 

(1) The composition xs on Wx is the identity. In particular, the image of x contains 
Wx. 

(2) There is a U(l) x G-equivariant isomorphism from Wf to the product bundle J x 
Fq © F^, where Fq and F^ are complex and real representations of G respectively. 

The proof of Lemma 12.21 is given by modifying the proof of Lemma 3.2 in [13j G- 
equi variant ly. 

Let us consider the map T> + x'- "1^ © ~^ Then we can show from Lemma f2. 21 that 
this map is always surjective. Therefore Vf := Ker(D + x) becomes a U(l) x G-equivariant 
finite-rank vector bundle. 

Now we can replace the family of linear maps V: Vx Wx with 

Vf.Vf-^Wf, {v,e)^e, 

which depends continuously on the parameter space J. Note that the formal difference 
[Vf] — [Wf] gives the index of family V: Vx ^ Wx- In fact, it is easy to see that kei D = 
ker D f and coker D = coker D f . 

For the non-linear part Q, we define a continuous family Qf-. Vf —>■ Wf by 

Qfiv,e) = -sLxPxQ{v). 

Then the map \E'/:=X'/ + Q/ gives a finite dimensional approximation of ^ = P + Q 
when we take sufficiently large A. This is a U(l) x G-equivariant and proper map. In 
particular, the inverse image of zero is compact. 

Remark 2.3. The formulation in JB] is simpler than that of this section or ^S]. However we 
need to use this formulation because the method in [0] requires a trivialization of W. In 
the non-equivariant setting, W can be always trivialized by Kuiper's theorem. However, in 
the G-equivariant setting, we do not know whether W can be trivialized G-equivariantly, 
or not. 
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2(iii). Seiberg-Witten invariants. Let /o = : V — be a finite dimensional ap- 
proximation. The space V decomposes into the sum of a complex vector bundle Vc and 
a real vector bundle Vr, = Vc © Mr, according to the splitting V = Vc © Vr. Similarly 
W = Wc © Wr. Note that [Vc] — [Wq] gives the G-index of the family of Dirac operators 
{Da}[a]€J- Note also that Mr is a trivial bundle F = Jx F, where F is a real representation 
of G, and PMr = F © H+, where = J x H+{X; M). 

To obtain the Seiberg-Witten invariant, we need to perturb /q in general. For our 
purpose, we need to carry out the perturbation G-equivariantly. First, note that the 
moduli space Aic = /o~^(0)/U(l) may have U(l)-quotient singularities. (They are called 
reducibles. Strictly speaking, /o~^(0)/ U(l) does not coincide with the genuine moduli space 
of solutions in general. However, after perturbation, the fundamental class of /q"^(0)/U(1) 
is equal to that of the perturbed moduh space. Therefore we abuse the term "moduli 
space" and the notation Aic for /o~^(0)/ U(l).) Let us consider the restriction of /o to the 
U(l)-invariant part of V. The U(l)-invariant parts of V and W are M^*^^-* = Mr = F, and 
lyu(i) _ — F © respectively. Since the restriction /o|yu{i) is a fiberwise linear 
proper map, this is just a fiberwise linear inclusion. Therefore, by fixing a non-zero vector 
V G H'^{X;M.)^ \ {0}, and perturbing /o to / = /o + v, we can avoid reducibles, that is, 
f~^{0)^^^^ = 0. (Note that this perturbation is U(l) x G-equivariant.) 

Let V = {{Vc \ {0}) X J Mk)/U(1), and define a vector bundle F M by 

E = {{Vc\{0})xjV^XjW)/V{l). 

Since / is U(l)-equivariant, / induces a section / : M — * F. Now, the moduli space Aic is 
the zero locus of /. Suppose / is transverse to the zero section of F. (In general, we need a 
second perturbation. Furthermore, in our case, the perturbation should be G-equivariant. 
This is a task in ^) Then the moduli space Aic = /^^(O) becomes a compact manifold 
whose dimension d{c) is 

(2.4) d{c) = \{c^{Lf - Sign(X)) -{l-h + 

We can determine the orientation of Aic from an orientation of H^{X; M) © H^{X; M). 

Let us introduce a complex line bundle £ — > M by £ = ((Mc \ {0}) x j M^) Xu(i) C, where 
U(l) action on C is multiplication. Let U = ci{C). Note that H*{V;'Z) is isomorphic to 
{U^ — 1) ® H*{J; Z) for some D as an additive group. 

Now we give the definition of the Seiberg-Witten invariants. 

Definition 2.5. The Seiberg-Witten invariant for a Spin'^-structure c is given as a map, 

SWx.c: Z[U]® H*{J;Z) ^ Z, 
which is defined by SWx,c{U'^ ® = {U'^ U ^, [Mc]). 

Note that an element ^ in H*{J; Z) can be written as a linear combination of Poincare 
duals of homology classes represented by subtori in J. 

Let T be a subtorus in J, and its dimension be dr- Suppose d{c) — dr is even and non- 
negative. Put d' = {d{c)-dT)/2. Then the Seiberg-Witten invariant SWx,c(f/'^' ®F.F.[T]) 
can be represented geometrically as follows: Let C.\, L^, ■ ■ ■ , C-d' be rf' copies of L and 
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Si'. V ^ Ci {i = 1,2, ... ,d') be arbitrary sections. Consider a section fc of the vector 
bundle E® Ci®-- Cd' given by fc = (/, si, . . . , Sd')- Now restrict fc to V\t. If fc\v\T 
is transverse to the zero section, then SW x,c{U'^ ® P.D.[T]) is equal to the signed count 
of zeros of fc\v\T according to their orientations. (This method is called cutting down the 
moduli space.) 

In this paper, we use the notation 

when d{c) is non-negative and even. 

3. G-equivariant perturbation of / 

In this section, we carry out the G-equivariant perturbation of /, and finally prove 
Theorem 11.21 and Theorem 11.81 

Up to this point, we obtained a G-equivariant section f : V ^ E which have no U(l)- 
quotient singularity in the zero locus. That is, the moduli space contains no reducible. In 
order to go further, we need to identify G-fixed point sets and E^ . 

3(i). Fixed point sets and E'^ . Let us summarize the notation so far. The (per- 
turbed) finite dimensional approximation is 

f:V = Vc®F^W = Wc®F®lt. 

The induced section is 

/: ^= (Vc\{0})/U(l) ^jF^E = {{yc\m XjWc)/\^{l) y<j{F®F®H+). 

Let us identify the fixed point set = ((Vfc \ {0})/U(l) XjF)^. Note that 
is a fiber bundle. Recall that [Vc] — [Wc] = mdc{DA}iA]ej- Then, for a fixed point 
ti E Ji C J'^ , fibers of Vc and Wc over ti are written as 

p— 1 p— 1 

j=0 j=0 

and the relation ki, = k[^ — k[~ holds. Therefore the fiber of over t; is V^\t, = 

((X]j=o U(l))'^^-^0) where Fq is the G-invariant part of the real representation 

F. 

Lemma 3.1. There is a homeomorphism 

p-1 \ / \ ^"^ 

E ^Y^^ \ / U(l) - W Pik^C,) X M+, 

j=o / / / j=0 

where P^^^Cj) is the projective space ofk^'Cj, andM+ is the set of positive real numbers. 
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Proof. Note that there is a G-equivariant homeomorphism 
/p-i \ / p-i 

\ j=o / / i=o 

A point V in -P(X]j=o ^j^'^j) represented by a vector (t>o, . . . ,Vp_i) where Vj G k^^j- 
Let C = exp(27r\/— A point v is fixed by the G-action if and only if there exists 
A G C \ {0} which satisfies \vj = (^Vj for all j. Therefore there is a unique j such that 
Vj ^ 0, and we have A = and Vjr = for all j' ^ j. Thus the lemma holds. □ 

By Lemma f3. 11 we see that V'^lt^ = lJj=o ^i^l'^'^j) ^ ^+ ^ -^o- Therefore the dimension 
of the component VJ*^ of V'-' is given by 

(3.2) dim VjJ = 2A;J+ - 1 + a + fef , 

where VJ*^ denotes the j-th component over Ji C J*^, and a = rankFo. (Note that bf is 
the dimension of the base space J;.) 

Let us identify the fixed point set E'^ similarly. Note that 

E = {{Vc\{0}) XjWc)/V{l) Xj(F©F©^+) 

is an open submanifold of 

E' := {{Vc © Wc) \ {0})/ U(l) X J (F © F © ^+). 

By the method similar to Lemma ITTl we see that E'^\t, = lYjZl ^((^J-^ + k^f)^j) x M+ x 
(Fq © Fq © {H'^)'^). Therefore the dimension of the component Efj of E'^ is given by 

dim Fg = 2(^5+ + k^r)-i + 2a + b^ + 6f , 

where F^*^- denotes the j-th component over J; C J*^. 

Note that F*^ — is the disjoint union of vector bundles Ef'j V^^ The rank of Ef- 
is given by 

(3.3) ranka Fg = dim Fg - dim V^^J = 2A;5- + a + fe^^^. 

3(ii). Proof of Theorem 11.21 in the case when d{c) = 0. Suppose now that d{c) = 0. 
Under the assumption ()1.3p . formulae ()3.2|) and ()3.3p imply that 

dimV^[^ < rankftF;'^^-. 

Therefore, we can perturb the section /: — F on a small neighborhood of the fixed 
point set V'^ G-equivariantly so that / has no zero on V^. Then it is easy to carry out 
a G-equivariant perturbation outside the G-fixed point sets so that / is transverse to the 
zero section. (For instance, consider on quotient spaces V/G and F/G, and then pull back 
to original spaces.) 

Note that the moduli space A4c = /^^(O) no longer contains any G-fixed point. Hence 
G acts freely on Aic- Thus we have SWx(c) = mod p. 
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3(iii). Proof of Theorem 11.21 in the case when d{c) is positive and even. Let us 

introduce G-equivariant complex line bundles Cj over V {j = 0, . . . ,p — 1) by 

A = ((^c\{0})xjVk)xu(i)C,-, 

and fix G-equivariant sections sj: V ^ Cj. (It is easy to make a G-equivariant section. 
Choose an arbitrary non-G-equivariant section, and average it by the G-action.) We will 
cut down the moduli space by these {Cj, Sj). 

Fix a partition {do, di, . . . , dp-i) of d{c)/2 such that dj > and do + di + ■ ■ ■ + dp^i = 
d{c)/2. Instead of the section /: ^ ^, we consider 

fc-.V^E® doCo © ■ ■ ■ © dp^iCp^i =: Ec 



which is defined by 



fc — (/) ■5o, • • • , So, Si, . . . ,S 



Hereafter, we argue in analogous way to that of |3(i)| We write {Ec)fj for the component 
of the fixed point set {Ec)^ over V^^. Then the rank of the vector bundle {Ec)fj Vij is 
given by 

(3.4) rankK(^c)& = '2{k'r + dj) + a + h%. 

An argument similar to that of the case when d{c) = in |3(ii)| completes the proof of 
Theorem O when 7^ 0. 

3(iv). The case when = 0. The base point xo G X'-^ is used for the well-defined 
G-equivariant family of connections over the Jacobian J. When 61 = 0, we do not need the 
base point to construct a finite dimensional approximation. Therefore, the argument in 
this section also works in the case when bi = and X^ = 0. On the other hand, in the case 
when 61 > 1 and X'^ = 0, we can define coefficients /cj ad hoc for our purpose, although 
we do not have a well-defined G-equivariant family of connections. Consider the Jacobian 
J as J = {Ao + ikeTd)/Q, where Q is the full gauge transformation group. Decompose 
the G-fixed point set J'^ into connected components: J*^ = Jq U ■ ■ ■ U Ja'- Choose a point 
ti in each component Ji and a connection Ai in each class ti. We assume that Jo is the 
component of [Ao] and to = [^o], where Ao is the fixed G-equivariant connection. Then, 
for each Ai, we can redefine the G-action on the Spin^-structure c such that Ai is fixed by 
the redefined G-action. (This is proved as in Lemma 15.41 ) Then the Dirac operator 
is G-equivariant, and the G- index indcD^j is written as indc -Da, = X]j=o such a 

situation, we can prove the following. 

Lemma 3.5. Suppose that d{c) in fl2.4|) is nonnegative and even. If X^ = 0, then there 
is no partition {do, di, . . . , dp-i) of d{c)/2 which satisfies ()1.3p . 



Proof. Coefficients kj are calculated by the G-index theorem. (See ^5(i) ) In fact, we can 
show that 

k^^ = k{ = --- = kl^, = UndDA, = ^ici{Ly - Sign(X)), 
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for any I. Note that 1 — 61 + 6+ = p{l — 6f + h^) when X*^ = 0. (This follows from the 
formulae =px(X/G) and Sign(X) = ]9Sign(X/G').) Therefore ()1.3|) is equivalent to 

i(i(c) < 2dj for j = 0, 1, . . . — 1. Summing up these equations from j = to p — 1 implies 
a contradiction. □ 

Therefore, the assumption X'^ 7^ can be omitted logically. 

3(v). Proof of Theorem II. 8L Let G = K = and 6 = ^4, and consider the short 
exact sequence. 

If the G-action is of odd type with respect to a Spin'^-structure c, then G acts on the whole 
theory. In this case also, as in ^ we obtain the U(l) x G-equivariant finite dimensional 
approximation 

f:V = Vc®F^W = Wc®F®H+. 

Note that the G-action on J, F_ and factors through the surjection G ^ G, and hence 
the actions of the subgroup K G G on J, F_ and are trivial. 

We need to identify i^-fixed point sets as well as G-fixed point sets. Note that in- 
actions on Vc and Wc are given as multiplication by —1 on each fiber, which are absorbed 
by U(l)-actions. Therefore i^-actions on V and E are trivial. 

Thus we see that the G-action on the section / : — ^ is reduced to an action of G = 
G/K. Then, an argument analogous to g3(ijlp(ii)l p(iii)] and p(hO] proves Theorem 11.81 

4. Cutting down the moduli by tori in J 

This section deals with Seiberg-Witten invariants obtained from tori in J . In this section, 
let G = Tip where p is prime, and suppose that X is a closed oriented 4-dimensional G- 
manifold with &+ > 2, 6^ > 1 and 61 > 1, and X*^ 7^ 0. Let c be a G-equivariant 
Spin^-structure. 

First, we suppose that a subtorus T in J is G-invariant, i.e., T = gT for g E G. Let 
= dimT. Suppose that d{c) — dr is non-negative and even, and put d' = |((i(c) — d^). 
For a partition {do, di, . . . , dp-i) of d', consider fc'- V ^ Eq = E ® d^C^ © ■ ■ ■ © dp-iCp-i 
as in |3(iii)} Then consider the restriction fc\v\T fc to ^|t- By perturbing fc\v\T 
G-equivariantly in the way similar to that of ^ we can prove the following. 

Theorem 4.1. Let d^ = dimT"-^. Suppose that X*^ 7^ and that d{c) — dr is non-negative 
and even. Put d' = \{d{c) — dj) ■ If there exist a partition [do, di, . . . , dp^i) of d' such that 
(io + rfi + ■ ■ ■ + dp-i = d' , and each dj is a non-negative integer and 

2kj < 2dj + 1- d^ + b'^ {for j = 0, 1, . . . , p - 1 and any I), 

then 

SWxAU"^' ® P-D.[T]) = mod p, 
where kj are defined similarly from mdG{DA}[A]eT £ Kg{T)- 

On the other hand, when T is not G-invariant, the following holds. 
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Theorem 4.2. Let = dimT*-^. Suppose that X*^ 7^ and that d{c) — dx is non-negative 
and even. Put d' = |(c?(c) — dx) ■ If there exist a partition {do, di, . . . , dp-i) of d' such that 
do + di + ■ ■ ■ + dp-i = d' , and each dj is a non-negative integer and 

2k] < 2dj + l-d^ + b^ {for j = 1, 2, . . . , p - 1 and any I), 

then 

p-i 

J2 SWx,c(f/"'' ® P.D.[g'T]) = mod p. 

Proof. Let us consider T = T U gT U g'^T U ■ ■ ■ Ug^^^T for g & G, and the restriction fc\v\^ 

of fc to V\f. Note that T is not necessarily a manifold. Let be the set of t G T such 
that the number of g^T {i = 0,1, . . . ,p — 1) which contains t is lager than or equal to k, 
that is, 

Tk = {tef\4^{z\teg'T}>k}. 

Note that Ti = T and Tp = ffr^ g'T. Then T = Ti D T2 D ■ ■ ■ D Tp gives a stratification. 
Note that dimT = dimTi > dimT2. Note also that Tp is G-invariant and contains all 
fixed points. By perturbing fc\v\Tp C-equivariantly in the way similar to §21 fc\v\Tp comes 
to have no zero. (This is due to a dimensional reason.) Next perturb fc on ^|tp_i\Tp 
G-equivariantly so that fc\v\T j^\Tp zero. Successively perturb fc on V^|Ts.\Tfc+i for 

k > 1 G-equivariantly so that fc\v\T,\T, '^'^ zero. Finally, carry out a G-equivariant 

perturbation of fc\v\f outside to achieve the transversality with the zero-section. Since 
all zeros are on V\f\^rp^, and G acts freely on the set of zeros, the conclusion holds. □ 

5. Examples 

The purpose of this section is to give several examples. In order to apply Theorem 11.21 
and Theorem 11.81 to concrete examples, we need to calculate coefficients fcj. Therefore we 
first discuss how to calculate coefficients kj. 

5(i). How to calculate kj. Recall that we decomposed the fixed point set J*^ of the 
Jacobian torus into connected components: J*^ = Jq U ■ ■ ■ U Jk, and chose a point ti in 
each Ji. Fix a generator g & G, and write g for the action of g on the Spin'^-structure c. 
For the origin to = [Ao], by definition, it holds that gAo = Ao. Therefore, we can calculate 
k'j by the G-index formula such as ind^ Daq = (contributions from fixed points) . First we 
briefiy review the G-index formula. (See |Sl IH 121 C]-) 

Let X*^ = Xo U Xi U ■ ■ ■ U Xn be the decomposition of the fixed point set X*^ into 
connected components, where Xq is assumed to be the component of the base point xq. 
Then, the G-index formula for to = [^0] ^ J'^ is written as 

p-l N 

ind,D^„=^efc° = ^J-°(^), 

j=0 71=0 
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where C = exp(27rv^^/p) and each J-'^id) is a complex number associated to the compo- 
nent Xn which is given as follows. 

Let Ln be the restriction of the determinant line bundle L to X„. Then g acts on each 
fiber of L„ as the multiplication with a complex number z/„ of absolute value 1. (In our 
case, Un is a p-th root of 1.) 

There are two cases with respect to the dimension of Xn- Since we assume the G-action 
is orientation-preserving, the dimensions of X„ are even. 

If Xn is just a point the tangent space over x„ is written as 

T,„X = NM(BN{uj2), 

where N{ujj) is the complex 1-dimensional representation on which g acts by multiplication 
with Uj. (In our case, Uj is a p-th root of 1.) 
Then the number J^nid) is given by, 

Q i 1 1 

(5-1) ^n{9) = ^n^J-^ ZTT^^T^ ^Tj2- 

The right hand side is only defined up to sign. To determine the sign precisely, we need to 
see the (7-action on the Spin'^-structure c. When G is the cyclic group of odd order p and 
the Spin'^-structure c is G-equivariant, signs of uj^^'^ and v]!"^ are determined by the rule 
that 

(5.2) (.V^)' = 1. 

(See p. 20].) On the other hand, when p = 2, it is somewhat subtle problem to determine 
the sign precisely. (See p.) 

If Xn is a 2-dimensional surface the restriction of the tangent bundle of X to is 
written as 

TX|s„=TS„©iV(a;), 

where X[io) is the normal bundle of S„ in X, and g acts on the fiber of X[iS) as multipli- 
cation with 10. 

In this case, Tnig) is given as, 

1 1 I -1/2 

(5.3) •^n°(^) = -'-^^2 (c.V2_^~i/2)2 p-F^ 

where [Sn]^ denotes the self intersection number of S„. When p is odd, ()5.3|) is valid with 
the sign if square roots are given by the rule ()5.2|) . 

In order to calculate /cj for other /, we note the following lemma. 

Lemma 5.4. Let g a G, and the action of g on the Spin'^ -structure c be denoted by g. For 
a connection A on L, if there exists u & Qq which satisfies gA = uA, i.e., [A] G , then 
we can define another action g' of g on c so that g'A = A. 

Proof. Consider the action {u^^ o g). Then {u^^ o g)A = A. In particular, we have 
g)PA = A. Note that {u^^ o g)P is an element of Qq. Therefore {u ^ o g)P = 1 Thus 
^f' := (m)~^ o ^ is a required action. □ 
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Thus, for any ti = [Ai] G J*^, we can redefine the G-action on c so that Ai is G-invariant. 
Hence, kj are also calculated by the G-index formula. However, the contributions from 
fixed points for the redefined action are different from the original ones as 

p-i 

(5.5) md,DA,=J2Ck] = Y,K{9), 

j=0 n 

where J-'i{g) are calculated as in 1)5.11) and ()5.3|1 for the redefined g action on c. 

For different Iq and h, the difference between J^nid) J^n{g) is given as follows. We 
can consider that a representation of t; G J*^ is given as a triplet {S^ , (pi, Ai) of a G-spinor 
bundle , a trivialization (pi at xq, and a G-invariant connection Ai on the determinant line 
bundle Li = detS'^"^. For Zq and Zi, the difference between {S^, (pi^^, Ai^^) and {S^, (pi^^, AiJ 
is given as a flat G-line bundle Ci-^i^: 

{S+,(Pi„AiJ=Ci,i,®{S+,(Pi,,Ai,). 

For each component X„ C X'-^, the weight of (^-action on the fiber of Ci-^^i^ at x„ G X„ 
is given as a complex number A^i'°, which is a p-th root of 1. Then the relation between 
J-'n{g) and J^nig) is given as 

(5.6) ^n^?) = AL^'"^^(^/). 

Before ending this subsection, we give a useful lemma for lifts of the G-action to a 
Spin'^-structure. 

Lemma 5.7. Let G = Zp, and X be a closed oriented G-manifold which has no 2-torsion 
in Hi{X; Z). // the determinant line bundle of a Spin'^ -structure c on X is G-equivariant, 
then the G-action lifts to c, that is, c is G-equivariant or G-action is of even or odd type 
with respect to c when p = 2. 

Proof. If there is no 2-torsion in i7i(X;Z), then there is a bijective correspondence be- 
tween the set of equivalence classes of Spin '^-structures and the set of equivalence classes 
of determinant line bundles. For g ^ G, let g be the action of g on Pso Xx -Pu(i)- Consider 
the 2-fold covering Pspin= — *■ -Pso Xx -Pu(i)- Since (7*Pspin'= is isomorphic to Pspin=, we can 
lift g to Pspin'^- Therefore the G-action on Pso -Pu(i) lifts to a G-action on Pspm'=- D 

5(ii). An example of application in the case when G = Z2. The next proposition 
which is an application of Theorem 11.81 is also a generalization of Fang's result. (Compare 
with Corollary 4 of ^^.) However, this is not a "new result", for this can be proved by 
the adjunction inequality. (See Example 15.91 ) Nevertheless, we state this as an example 
of application. 

Proposition 5.8. Let G = Z2, and X be a closed oriented A- dimensional G-manifold with 
b+ > 2 and b^ > 1, and suppose that iJi(X;Z) has no 2-torsion. Suppose that there is a 
Spin'^ -structure c whose determinant line bundle is trivial, and SWx(c) ^ mod 2. Let 
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d{c) he as in fj2.4|) . If the G-action has no isolated fixed point, then the following inequality 
holds: 

1 - 61 + 6+ > 2(1 - 6f + 1)%), when d{c) = mod 4, 
1 - 61 + 6+ > 2(-6f + b^), when d{c) = 2 mod 4. 

Proof. Note that c is the Spin'^-structure which is determined by a Spin-structure. Since the 
determinant hne bundle L is trivial, we can define a G-action on L which is the product 
of the G-action on X and trivial action on fiber. Therefore the G-action lifts to c by 
Lemma (5.71 The lifted action may be of odd or even type with respect to c. We take the 
trivial flat connection Aq on L as the origin of the Jacobian torus J. As is known widely, 
a G-action is of even type if and only if the fixed point set is isolated. On the other hand, 
a G-action is of odd type if and only if the fixed point set is 2- dimensional. (See e.g. jT].) 
Therefore, if the G-action is of even type, then it must be free by the assumption. 

Suppose that the G-action is of odd type. By the G-index formula (put uj = —1 and 
z/„ = 1 in (j5.3j) ). we have J-'^ig) = for any component of X'^. The relation (|5.6p 
implies J^l{g) = for any / and n. 

Therefore, we have fc[ = /cg = | indZ^Ao for any /. By Theorem 11.81 with the assumption 
of mod 2 non- vanishing of SWx(c), it holds that, for any partition {di, d^) of d{c)/2, there 
exist / and j which satisfy 

2k^. > 2dj + 1 - 6f + 

Therefore we have 

ind Dao > + 1 - 6f + 6+, when d{c) = mod 4, 

ind Dao > - 1^ + 1 - 6f + 6^, when d{c) = 2 mod 4. 

On the other hand, from the formula of the dimension of the moduli ()2.4j) . we have 

ind^Ao = ^{d{c) + l-bi + b+). 

This formula with above two inequality implies the proposition. 

In the even case, the G-action should be free. In the free case, the theorem is obvious 
from the Lefschetz formula and the G-signature formula. □ 

Example 5.9. Concrete examples of G = Z2-actions are given as follows. Let X be the 
K3 surface of Fermat type, X = {[zq,zi,Z2, Z3] e CP^ 14 + zf + zl + zl = 0}. Let G act 
on X by the permutation of two coordinates. Then the fixed point set is a complex curve 
G whose genus is 3 and self-intersection number is 4. 

Another example of 61 > is 4-torus. Let X be the direct product of two copies of 
2-torus. Let G act on the first 2-torus by multiplication by —1, and on the second trivially. 
The fixed point set consists of four 2-tori whose self-intersection number are 0. 



16 



NOBUHIRO NAKAMURA 



Let us verify Proposition 15.81 for these examples. It is well-known that SWx(co) = ±1 
for the K?) surface and the 4-torus ^Hl- Note that, for a (V-) manifold F, it holds that 

1 - b,{Y) + = + Sign(r)). 

Therefore, by using the Lefschetz formula and the G-signature theorem, we have 

1 - 6f + 6^ = i(x(X/G) + Sign(X/G)) 

= \ {^(XW + x{C)) + ^(Sign(X) + 

= ^{^(xW + Sign(X))| 

= \{l-h, + h^). 

We use the adjunction formula at the third equality. From this calculation, we see that 
the adjunction inequality + [C]^ < proves Proposition 15.81 

Remark 5.10. We can construct similar G-actions on homology 4-tori obtained by the 'knot 
surgery' construction according to [17^ and [TT]. (See also Example 15.111 ) 

5(iii). Examples of the case when G = Z3. This subsection treats with the case when 
G = Z3. In the following, we assume that the G-action is pseudofree, that is, the G-action 
has only isolated fixed points. In such a case, fixed points are classified into two types of 
representations: 

. The type (+): (1,2) = (2,1). 

• The type (-): (1,1) = (2,2). 
Let m_|_ be the number of fixed points of the type (+), and m_ be that of the type (— ). 

We give examples of pseudofree G-actions which imply the mod-3 vanishing of Seiberg- 
Witten invariants. 

Example 5.11. Let X be the direct product of a 2-torus and a Riemann surface of genus 3h 
{h > 1). We construct a G-action on X as follows. Let us consider the lattice Z©(^Z C C, 
where ( = exp(27rv^^/3), and let Ti be the 2-torus Ci/(Z © (Z) with a G-action, where 
the G-action is given by the multiplication by (. Next consider a 2-sphere, and let G act 
on the 2-sphere by 27r/3-rotation. Taking a free point q on the 2-sphere, and glueing 3 
copies of a Riemann surface of genus h to the 2-sphere at three points q, gq, g'^q, we obtain 
a Riemann surface H^h of genus 3h with a G-action. Let X be Ti x with the diagonal 
G-action. 

Now let us examine Theorem ll.2l First note that the fixed point set of Ti consists of three 
points po, pi and p2, and all of them have same type of representation: T(Ti)p^ = Ci. On 
the other hand, have two fixed points g+ and g_, and they have opposite representations 
each other. (We assume that g+ is the fixed point such that T{T,3h)g^ = C2. ) Therefore, 
X has six fixed points, and three of them are of the type (+), and the other three are of 
the type (— ). 
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Note that xi.^) = Sign(X) = and X is spin. We take the Spin'^-structure Cq which 
is determined by a Spin-structure. Note that d{co) = 0. We consider the G-action on cq 
which induces the G-action on the determinant hne bundle L which is the product of the 
G-action on X and the trivial action on fiber. Take the trivial fiat connection Aq on L as 
the origin of the Jacobian torus Jx- 

The Jacobian Jx is of the form Jx = Jti x "^Sgh- For a fixed point t = (a, b) G Jx, the 
corresponding fiat G-bundle Ct is written as £j = n^Ca ® where tti (resp. tt2) is the 
projection to Ti (resp. Ss/j), and is the fiat G-bundle on Ti associated to a G J^^ and 
Cb is similar. 

Now let us attempt to classify fiat G-bundles on a Riemann surface. Temporarily, we 
consider more general situation that Gp = Zp acts pseudofreely on a Riemann surface Eg 
of genus g. Let {pn} be the fixed point set. Consider a divisor D on S^: D = Ylm^nVn- 
Then we can construct a Gp-hne bundle Cd on which satisfy £d|p„ — iTT,g\p^)®'^" . 
Note that ci{Cd) = Yl^n- In this situation, we can prove the following. 

Proposition 5.12. Let C be a Gp-line bundle on S which satisfy C\p^ = (TS^Ip^)'^'^" . 
Then Ci{C) = Ci{Cd) mod p. 

Proof. Let us consider the line bundle C C^. Then there is a line bundle C on T^g/Gp 
which satisfies n* C = C® i^~o, where tt: ^ Tig/Gp is the quotient map. Noting that 
Ci{C®C]^^) = 7r*ci(£), and vr* : H'^{T,g/Gp; Z) H^iX'g] Z) is multiplication by p, we have 
the proposition. □ 

Let us apply Proposition 15.121 to S3/1 with the G-action. Since the fixed point set is 
{g+,g_}, the divisor D is of the form D = d+q+ + d-q-. Since Cb is trivial, we have 
= ci{Cb) = d+ + d^ mod 3. Therefore, the following holds. 

Lemma 5.13. For any b G j£ ' 'is isomorphic to Co such that D = or — q_ or 



For b G ^^3^5 l^t us denote the weight of the G-action on the fiber of Cb at g+ (resp. g_) 
by (resp. A^). Similarly, for a E J^^, denote the weig ht of Ca at Pi G Tf by A^ Note 
that J'lpfgjg) for the origin (0,0) G Jf at (p,,g±) G X^ is given by ^£1)(^7) = ±|. 
(See 1)5.11) .) Therefore Ag) for (a, 6) G Jx at {pi,q±) is written as 



2g+-2g_. 



J^r'^ .(g) = ±-X^X'] 



By Lemma f5.13| we have A^ = A^. Hence we obtain 



(5.14) 
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for any (a, b) G J^. 

By fl5.14|) and ()5.15|) . the G-index formula for the Dirac operator of ti = [Ai] G J'^ is 
given as 

indg Da, = kl + Ck[ + = 0, 
indg2 Da, = kl + C^k[ + C4 = 0, 

indi Da, = k'o + k[ + ki = -l Sign(X) = 0. 

o 

Solving these equations, we obtain 

/cq — k-^ — — • 

Now let us check that inequalities are satisfied. First let us compute 1 — 6f + 6^. 
The Lefschetz formula implies that 

(5.16) x{X/G) = ^ixiX) + 2(m+ + m_)). 
On the other hand, the G-signature theorem (Cf.^) implies that 

(5.17) Sign{g,X) = Sign{g^,X) = l(m+ -m_), 

(5.18) Sign(X/G') = ^ |sign(X) + ^(m+ - m_)| . 
Since x{X) = Sign(X) = 0, we have, 

(5.19) i_b^ + b^ = lixiX/G) + Sign(X/G)) = ^(4m+ + 2m_) = 2. 

Since the dimension of the moduli d{co) is 0, all dj in ()1.3|) should be 0. Therefore 
inequalities ()1.3|) are satisfied as, 

2A;J. = < 2 = 1 - 6f + b% 

for any j, I, and hence Theorem II .21 implies that SWx(co) = mod 3. 

On the other hand, we can calculate the Seiberg-Witten invariants of Xg = x S^. 
The answer is given as follows: for the Spin'^-structure Cq which is determined by a Spin- 
structure, 

(5.20) SWx,(co) = ±(2jjf). 

It is easy to see that this is divisible by 3 if (7 = 3h. Thus, Theorem 1 1 . 21 holds . 

There are several methods to prove ()5.20|) . One method is Witten's calculation |22t 
pp. 786-792]. The canonical divisor of Xg is written as Ci{K) = {2g — 2)P.D.[T x pt]. For a 
generic choice of r/ G H^{Xg, K), a Seiberg-Witten solution corresponds to a factorization 
T] = aP, where a and (3 are holomorphic sections of K^^"^ ® L"^^. Since L of our case is 
trivial, the number of possibilities of factorizations 77 = a(3 coincides with the right hand 
side of fl5.20|) . Furthermore, we can see that all solutions have same sign also by [221 • 
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An alternative way to prove ()5.20|) is as follows. First consider Xg as x M, where 
M = ^Tjg. Next determine the Seiberg-Witten invariants of M by, for instance, Turaev 
torsion of M. Then use the formula SW51xa/(c) = SWAf(c) where c is the pull-back of c. 
When g > 2, Turaev torsion of x is written as ±(t — where t is the homology 

class represented by S^, and Cq corresponds to the term of order g — 1. (See [201 pp. 93-96].) 

Remark 5.21. Similar examples can be constructed via the 'knot surgery' construction of 
Fintushel and Stern ^T] . Remove three copies of x from X = x S3/J which are 
mapped to each other by the G-action, and denote the resulting manifold by X'. According 
to |TT], let be a knot in S^, and Ek be the exterior. Then glueing x Ek to each 
boundary of X' gives an example. This manipulation changes the Seiberg-Witten invariant 
by a multiple of 3 [ llj . 

Remark 5.22. We can construct an example of G-action such that the Seiberg-Witten 
invariant does not vanish modulo 3 and there exists I for which p.3p does not hold. Let Tj 
be the 2-torus Cj/ (Z © (Z) with the G-action given by the multiplication by {i = 1, 2). 
Remove a small G-invariant neighborhood of a fixed point of each Tj. Since fixed points 
of Ti and T2 have opposite representations, we can glue their boundaries G-equivariantly, 
and the resulting manifold is a Riemann surface S2 of genus 2 with a G-action whose fixed 
point set consists of four points. Now consider the 4-manifold Ti x S2 with the diagonal 
G-action. Then we can prove that this is a required example. 
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